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A DIRECT PROOF THAT VWB PROCESSES
ARE CLOSED IN THE d-METRIC

BY
JOHN C. KIEFFER'

ABSTRACT

As defined in the literature, a process is very weak Bernoulli if a certain
property P(¢) is satisfied for every £ > 0. By means of an easy proof, it is shown
that given ¢ > 0, there exists 8 > 0 such that given any two stationary processes
whose d-distance is less than 8, if one of the processes is very weak Bernoulli
then the other process is “almost” very weak Bernoulli in the sense that the
property P(e) is satisfied. Using this result a direct proof can be given that the
very weak Bernoulli processes are closed under the d-distance, and also that a
finitely determined process is very weak Bernoulli. Relativized versions of these
results are also considered.

1. In this paper if S is a finite set, $* denotes the set of all doubly infinite
sequences X = (X;);-—- from S. We make S~ into a measurable space by adjoining
to S~ the usual product o-field of subsets of $”. By a process we will mean a
measurable map X from some measurable space () to a sequence space S7, S
finite. We say X has state space S. If X : {— S” is a process and i is an integer,
X; will denote the map from Q-> S such that

Xi(0)= X(w):, w €L

For integers m, n with m = n, X, will denote the function (X, Xm+1, - -+, Xa),
X will denote the function (- - -, X._, X..), and if n is positive, X" will denote
(X1, X)) If (, %) is a measurable space let ?(f2) be the family of all
probability measures on #. If X,,---, X, are measurable maps from {} to
measurable spaces Sy, - - -, S, respectively, and P € ?(2), then P(- l X1, Xa)
denotes a map from ) — P () such that for each E € &, the random variable
P(E | X, -+, X.) serves as the conditional expectation under P of the charac-
teristic function of E given the sub-o-field of ¥ generated by X, -+, X,. If, in
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addition, X is a measurable map from () to a measurable space (S,¥),
PX(: ] X, -+, X,) denotes the ?(S)-valued map defined on ) such that for each
E€Y,

PX(E| X, -, X.)=P(X EE}| X, -, X.).
P* denotes the distribution of X ; i.e., the probability measure on & such that
P*(E)=P(XEE), E€¥

Let C, D be finite sets and o : C X D — [0,) a non-negative function. Let
U, V be the projections from C X D to C, D, respectively. Then if u € P(C),
v € P(D), we define &(u, v), the G-distance between u and v, as follows:

5w )=, int  Ewr(U, V),

where P (u, v) denotes the set of all A € 2(Cx D) such that AV =p, AV =1,
and E, denotes expectation with respect to A.

Fix finite sets A, B for the rest of the paper. Let T, (T5) denote the shift
transformation on A~ (B”). Let T4 X Ty denote the map from A" X B*— A~ X
B~ such that

(Ta X Ta)(x, y) = (Tax, Tay).

Let P(T4) (P(Ts)) denote the set of measures in P(A”) (P(B”)) stationary
with respect to Ta (Ts). Let P(Ta X Tp) denote the set of measures in
P (A~ X B¥) stationary with respect to T, X Tp.

Let d : B X B— [0, 1] be the Hamming distance (d(x, y)=0, x = y; d(x,y) =
1, x#y). For each n=1,2,---, let d, : B" X B" — [0, ©) denote the nth order
Hamming distance, which is defined so that if x =(x;,*--,x,) and y =
(¥1,°*+,¥») are in B" then

d.(x,y)=n" 21 d(x;, y:).

Let X, Y be the processes which are the projections from A” X B*— A", B”
respectively. Let Y : B*— B~ be the identity map. If A € P(T4), let P(A) be the
set of all measures p in P(T, X Tg) such that u* = A.

If v € P(Ts), we say v is very weak Bernoulli (VWB) [9, p. 92] if for any
¢ >0, there exists a positive integer m such that

Ed,(v"",v""(-| Y) <&
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If A € P(T4) and p € P(A), we say u is A-conditionally VWB [11] if for any
£ >0 there exists a positive integer m such that

Edu(u*" (- X), 0" (| X, Y2)) <.

If u, v € P(Ts), then d(u, v), the d-distance between w and v [3, p. 15], is
infw,v) Ed(Us, Vo), where the infimum is over all pairs of jointly stationary
processes (U, V) (defined on a common probability space) such that U, V have
state space B, U has distribution u, and V has distribution v. If A € #(T.) and
, v € P(A), then d, (u, v), the A -relativized d-distance between w and v [10], is
infuuvy) Ed(U,, Vi), where the infimum is over all triples of jointly stationary
processes (H, U, V) such that H has state space A, U, V have state space B, the
joint distribution of (H, U) is p and the joint distribution of (H, V) is ».

2. We state now the main result of the paper. Its simple proof will be given at
the end of the paper.

THEOREM 1. Let A € P(T4), u, v € P(A). Let u be A-conditionally VWB.
Then if d, (u, v) < ¢ there exists a positive integer m such that

Eda(v"" (| X), v (| X, YoL)) < 2.

Note that if A € P(T.) is concentrated on a single element of A~, and
w, v € P(A), then d, (u, v)=d(n”, v"). Also, u is A-conditionally VWB if and
only if u " is VWB. Thus we obtain the following corollary.

CorOLLARY 1. Let p,v € P(Ts). Let u be VWB. If d(u, v) < & then there
exists m such that

Ed.(v"",v""(-| Y’ < 2e.

As an application, we present four results following from Theorem 1 and
Corollary 1. The results are known, but the first published proofs of them were
long and indirect. The first two results follow immediately from Theorem 1 and
Corollary 1 and so require no proof.

L. Let A € P(T,). If u € P(A)is the d, -limit of a sequence of A -conditionally
VWB measures from #(A), then u is A-conditionally VWB.

IL If u € P(Ts) is the d-limit of a sequence of VWB measures from 2 (Ts),
then p is VWB.

For the next two results we need a couple of definitions. We say u € P(Ts) is
finitely determined (FD) [9, p. 81] if convergence of any sequence {u,} from
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P(Ts) to p weakly and in entropy implies convergence to u in d-distance. If
A € P(Ta) and p € P(X), pn is A-conditionally FD [10] if convergence of any
sequence {u.} from ?(A) to u weakly and in entropy implies convergence to u
in d,-distance.

III Let A €EP(Ts) and let p € P(A) be A-conditionally FD. Then u is
A-conditionally VWB.

Proor. Pick a sequence {u.} from ?(A) which converges to & weakly and in
entropy, such that for each n, there exists a positive integer m such that for
in-almost all x € A%, the u,-conditional distribution of Y given X = x is mth
order mixing Markov. Then each u. is A-conditionally VWB (7] and
dy (in, 1)—0. Hence, by Result I, u is A-conditionally VWB.

The last result can be proved in a similar fashion to III, or it can be observed
that it follows from III by taking A to be a trivial measure.

IV. If u € P(Ts) is FD, it is VWB.

HistoricAL REMARKS. IV was first shown by Ornstein and Weiss [4] using a
long, indirect argument. A much simpler second proof was given by Feldman [1]
using a property of measures called d-extremality. III was shown by Rahe [6]
using a generalization of the argument of Ornstein and Weiss. II had to be
deduced previous to this paper in an indirect manner by using the fact that
d-limits of FD measures are FD [2, p. 66), and that a measure is FD if and only if
itis VWB [4], [9, theorem 12.3]. (Or one could proceed in a similar manner using
the concept of d-extremality [1] in place of the FD concept in the previous
sentence.) Similarly, I had to be deduced using the facts that a d,-limit of
A-conditionally FD measures is A-conditionally FD [10, prop. 7] and that a
measure in #(A) is A-conditionally FD if and only if it is A-conditionally VWB
[6] [11, lemma 6].

3. We conclude the paper by giving a couple of lemmas and then the proof of
Theorem 1.

Lemma 1. LetCy, -+, C,, Dy,--+, D, befinitesets. Let U; (i =1, - -, n) be the
projection from C,X - -+ x C, — C.. For each'i, let o : C; X D; = [0, ) be given.
Let g :(CiX - XC)X(DyX -+ X D,)—>[0,) be the function

o((x1, -, xn)’ (yls T yn)) =§ ai(x;, yl')'

Let u € P(CiX:--XC,), vE€ P(Di XX D,). Suppose there are measures
wEPD:)(i=1,---,n) such that v= v, X --- X v,. Then,
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o = e )+ B[ 3 awh U, m).

PrOOF. We can assume n = 2. (A simple induction argument can then be
used for general n) Let U,V be the projections from C; x D,— C, D
respectively, i =1,2. Fix a probability measure = on C, X D; such that the
distribution of U, under  is p, the distribution of V, under = is v, and
E.on(U,, V)= &(n", ). For each x € C, fix a probability measure pu (- i x)on
C, such that u( l U)= ;/,”2(-| U)) a.e. [u]. For each (x,y) € C, X D, define a
probability measure (- l x,y) on C; X D, such that the distribution of U, under
this measure is u (- ] x), the distribution of V. is v, and the (- | X, y) expectation
of (U, V2)is 32 ( | x), v2). Let 7 € P((C X Cy) X (D; X D5)) be the measure

(1, %), (1, ¥2)) = (X0, Yi)T(X2y ¥2| %1, Y1),

Then the distribution of U under 7 is u and the distribution of V under 7 is v,
where U, V are the projections from (C, X C;) X (DX D;) to C:x C,, DX D,
respectively. Hence,

a(u, v)sS E:o(U, V)

= 701(01, 02)+ f

Cy\ <Dy

[ ovn, 0 P50 sy

= 6’1(}1, U‘, V1) + fc o 6’2(“( . ' x,), vz)d'n'(xl, )’1)

1XDy

= &I(FL Ula Vl) + E#&Z(:u' Uz( : , Ul), V2)'

The proof of the following lemma is so simple that we omit it.

Lemma 2. Let C,D be finite sets, and let a:C XD —[0,) be a given
function. Let py, -+, pn € P(C), w1, -, va € P(D), and let ay,* -+, a, be non-
negative numbers summing to one. Then,

G (i au;, i a.-v;) é‘g aio (i, vi).

i=1 i=1

ProOF OF THEOREM 1. Fix A € #(T.) and u,v € P(A) such that p is
A-conditionally VWB and d, (i, v) < &. Fix &' so that d, (s, v) < £’ <, and also
6 > 0o that 8 + ¢’ < &. On some probability space (2, %, P) we may find jointly
stationary processes (H, U, V) such that the distribution of (H, U) is p, the
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distribution of (H, V) is v, and P[U, # Vo] < ¢'. Since p is A -conditionally VWB
find k such that

Ed (PY*(-| H),PV"(-|H, U)) < 6.

For each positive integer j, let H-::,P”“':x( IH ) denote the 2 (B*)-valued map
on {Q such that for each w €}, [l'I'_o PU'*“( IH)](w) is the product measure
PV (| H)(@) x PU(-| H)(@) X - - X PYiesmar(-| H)(w).

Then, by Lemma 1,

ik

j-1
Ed, (P |10, T] PSS BD) 37 5, B (US| B U), PR | )
j-1
=™ 3 Bd (P (| H ULy, PV (-| H),
which approaches
Ed (PU'(-|H U%),P"(-|H)) asj—o=.
Similarly,
il ik +k
Ed, (P (|1 0, veo, T] o3 )
i=0

M -
=j 2 Ed.(PY(-|H, U’, V=¥, PY(-| H)).

Fix i For each w€Q, the d.-distance between the measures
PY*(-| H, U, V2¥)(w) and PV*(-|H, U%.)() is no greater than the total
variation distance, which by [5, chap. 2] is upper bounded by

P™(b|H U, "“)(9)]
PT(B[H U%)(w) |’

[ 2 PY (b | H, U, V¥ (w)log

where ¢ : [0, 0)— [0, ®) is the function ¢(x)=2x +20+/x, and the logarithm is
natural. Now ¢ is a concave function, so by Jensen’s inequality

Ed(P"*(-| H, U, V=&, PV"(-| H, U2)) = o(I(U*, V2| H, U)),

where the argument of ¢ denotes the conditional mutual information of
U*, V¥ given H, U%.. But, by [8, theorem 7.6}, lim;_.. I(U*, V¥ ’ H U)=0.
Therefore, the right hand side of inequality (1) converges to
Ed, (PU*(-| H), PY"(-| H, U%)) as j — . By the triangle inequality, we have
then that for j sufficiently large,

Edy (PY"(-| H), PY*(-| H, U’.., V°.)) < 28.
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By definition of the dj -distance,
du (P (-| H), P* (- | H))= E[d (U™, V*)| H].

Taking the expected value,

Edy(PY"(-| H), PY"(-| H)) = E[dx (U*, V*)] = P[U, # Vo] &'.
Similarly,

Edy (P (- | H, U%, V2.), P*" (| H,U%, V) <&/,
and so by the triangle inequality and Lemma 2, for j sufficiently large,
Eds (v" (| X),v™ (-| X, Y2)) = Eds (P*" (- | H), P*" (- | H, V2.))
= Edy (PV*(-| H), P"* (- | H, V., U%))

<28 +2¢'<2e.
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